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ABSTRACT

We present an improved method for modeling 3D acoustic

wavefields scattered at smooth curved interfaces. The ap-

proach is based on a high-frequency approximation of sur-

face integral propagators and a correct description of their

boundary values in terms of transmission operators. The

main improvement is a uniform local approximation of these

operators in the form of effective reflection and transmission

coefficients. We show that the effective coefficients represent

a generalization of the plane-wave coefficients widely used

in conventional seismic modeling, even for the case of curved

reflectors, nonplanar wavefronts, and finite frequencies. The

proposed method is capable of producing complex wave

phenomenas, such as caustics, edge diffractions, and head

waves. Seismograms modeled for even simple models reveal

significant errors implicit in the plane-wave approximation.

Comparison of modeling based on effective coefficients with

the analytic solution reveals errors less than 4% in peak am-

plitude at seismic frequencies.

INTRODUCTION

Interest in 3D seismic modeling is increasing because of its appli-

cability in forward and inverse problems �Ursin, 2004�. In models

with slowly varying geometry and properties, seismic wavefields

can be computed using conventional methods. The situation is sig-

nificantly different when the aim is to model the scattering in geolog-

ically complex areas. In this case, the Kirchhoff integral approach is

one of the most powerful analytical methods �Ursin and Tygel, 1997;

Schleicher et al., 2001�. The approach is potentially capable of re-

producing complex wave events, such as caustic triplications and

diffracted waves.

The Kirchhoff integral approach implies knowledge of Green’s

function and two boundary values of the scattered wavefield and its

directional derivative at the reflectors �Kleinman and Martin, 1988;

Costabel and Stephan, 1990�. In relatively simple media, the bound-

ary values and the Green’s function can be described by oscillatory

functions using asymptotic ray theory �Červený, 2001�, the pertur-

bation method �Ursin and Tygel, 1997�, and others. In these cases,

asymptotic methods can be applied to the Kirchhoff integral �Frazer

and Sen, 1985�. In geologically complex media, standard Kirchhoff

techniques encounter a serious pitfall, namely the boundary values

and the Green’s function can be evaluated only by expensive numer-

ical techniques. Therefore it is necessary to seek methods of evaluat-

ing the surface integral propagators that avoid direct computation of

the Green’s function. Here, we utilize the tip wave superposition

method �TWSM�, which allows evaluating a high-frequency ap-

proximation of the propagators. The method was initially introduced

for wave propagation in homogeneous media by Klem-Musatov and

Aizenberg �1985�; Klem-Musatov et al. �1993, 1994�; and was later

modified to a form invariant to medium heterogeneity by Aizenberg

et al. �1996�.

The boundary values are evaluated heuristically by multiplication

of the incident wavefield and its directional derivative with the

plane-wave reflection or transmission coefficient �Aki and Richards,

2002�. This approach faces various problems because the assump-

tion of planar incident waves is reasonable only for weak contrasts,

small incidence angles, and relatively smooth reflectors. It is a well-

known fact that the plane-wave coefficients do not account for com-

plex wave phenomena such as near- and supercritical reflections/

transmissions, but instead cause diffraction artifacts often clearly
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present in synthetic seismograms. This issue has been thoroughly

discussed by Kampfmann �1988�; Wenzel et al. �1990�; and Sen and

Frazer �1991�.

The state of the art in the description of reflection/transmission

phenomena is as follows. In homogeneous media separated by a

plane interface, the reflected/transmitted wavefields can be decom-

posed into plane waves. This leads to the exact description of the re-

flection-transmission by a double convolution containing the plane-

wave coefficients in the Fourier integral �e.g., Berkhout, 1987�. To

account for infinite interfaces of arbitrary geometry separating heter-

ogeneous media, a necessary generalization of the plane-wave de-

composition formula was introduced by Aizenberg and Ayzenberg

�2002� and Aizenberg et al. �2005�. By the generalized decomposi-

tion, the standard interface conditions can be rewritten as an equiva-

lent system of reflection/transmission transforms �Klem-Musatov et

al., 2004, 2005; Aizenberg et al., 2005�. These transforms contain

transmission operators in the form of convolutions over curved in-

terfaces, which account for media heterogeneities, interface curva-

ture, and frequency spectrum of the incident wavefield. In this paper,

the transmission operators are reduced to the form of effective coef-

ficients, which represent a generalization of the plane-wave coeffi-

cients and account for the proximity of the reflection/transmission

point. Consequently, the effective coefficients correctly account for

near- and supercritical effects, including the head waves, wavefront,

and interface curvature, and response to the frequency spectrum of

the incident wavefield �Aizenberg and Ayzenberg, 2002; Aizenberg

et al., 2004, 2006a, b�. We show that the plane-wave coefficients rep-

resent a degenerate case of the effective coefficients for precritical

reflections and transmissions at weak-contrast interfaces.

Numerical tests show that, in spite of the complex description and

yet time-consuming numerical implementation of the effective coef-

ficients, the new theory has several useful applications. Obviously, it

can be used for complex modeling tasks in heterogeneous layered

media, and it provides improved understanding of complex wave

phenomena. We believe the effective coefficients can be implement-

ed successfully for solving inverse problems, such as AVO analysis

and multiple removals.

In this paper, we propose an analytical approach to wave model-

ing based on the combination of propagators and transmission oper-

ators. We focus on relatively simple models to demonstrate the ad-

vantages of using the effective coefficients for Kirchhoff-type mod-

eling, and the possibilities of the new approach. Comparison of syn-

thetic seismograms illustrates the dramatic impact of using the im-

proved reflection and transmission coefficients, even for relatively

simple models. Elimination of artificial diffractions and the presence

of head waves are the most significant effects seen in synthetic seis-

mograms.

This paper is divided into three main parts. The first part contains

theoretical results dealing with the singly scattered wavefield in

terms of the sequential action of the propagators and transmission

operators on the incident wavefield. The second part is devoted to

approximations used in the propagators and transmission operators

to obtain an algorithm for numerical modeling. The third part con-

sists of the results of numerical modeling of singly scattered wave-

fields. All necessary theoretical calculations are provided in the ap-

pendices.

THEORY: SCATTERING AT A SINGLE INTERFACE

Statement of the transmission problem

We consider wave scattering at an infinite smooth curved inter-

face S separating two homogeneous half-spaces D1 and D2 inR3. We

use the vector notation x for spatial points in Dm �m = 1,2�. The me-

dium is described by the wave propagation velocities cm and densi-

ties �m. Assume all the curved parts of the interface lie inside a

bounded volume, so that outside the volume, the interface is a hori-

zontal plane.

Let a single point source be placed at an arbitrary point xs that lies

inside the half-space D1. Then the time spectrum of the source wave-

field p0�x,�� satisfies the acoustic wave equation

�2p0�x,�� +
�2

c1
2

p0�x,�� = − �1��xs,x� , �1�

with the delta function ��xs,x�.
The stationary wavefields pm

sc�x,�� �m = 1,2� describe the time

spectrum of the total scattered pressure field in Dm and satisfy the

acoustic wave equation

�2pm
sc�x,�� +

�2

cm
2

pm
sc�x,�� = 0. �2�

At infinity, the wavefields satisfy the Sommerfeld radiation condi-

tion, which we do not specify.At the interface, the wavefields satisfy

interface conditions which imply equality of the wavefields and nor-

mal accelerations at all points x�S in the form

p1
sc�x,�� + p0�x,�� = p2

sc�x,�� ,

a1
sc�x,�� + a0�x,�� = − a2

sc�x,�� , �3�

where am
sc�x,�� = �1/�m�nm · �pm

sc�x,�� and a0�x,�� = �1/�1�n1

· �p0�x,�� are the normal accelerations, and nm is the normal to the

interface S directed toward Dm. To simplify the notations, we omit

dependence on the angular frequency � in this paper.

Single scattering in terms of propagators
and transmission operators

In Dm, we define the fundamental solution �Green’s function�

gm�x,x�� as a solution of the equation

�2gm�x,x�� +
�2

cm
2

gm�x,x�� = − �m� �x,x�� , �4�

satisfying a condition of total absorption. The condition of total ab-

sorption implies that the fundamental solution does not cause back-

ward radiation after it has crossed the interface, i.e., it is absorbed by

it.An implicit form of this condition is not known yet �see comments

in Aizenberg and Ayzenberg, 2002 and Klem-Musatov et al., 2004�.

In our case, the fundamental solution is represented by a spherical

wave having the explicit form

gm�x,x�� = �m

e�i�/cm�R�x,x��

4�R�x,x��
, �5�

where R�x,x�� = �x�− x� is the distance from point x to point x�. Ac-

cording to equation 1, the source wavefield p0�x� coincides with the

fundamental solution g1�xs,x�.

SM20 Ayzenberg et al.
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Let xr be an observation point. In Klem-Musatov et al. �2004� it is

shown that the total scattered wavefield pm
sc�xr� can be rigorously rep-

resented as the sum

pm
sc�xr� = pm�xr� + p̃m�xr� , �6�

where the term pm�xr� denotes the singly scattered wavefield and can

be represented by the surface singular integral �Aizenberg et al.,

2002; Aizenberg andAyzenberg, 2002; Klem-Musatov et al., 2004�

pm�xr� = � �
S

� 1

�m

nm�x� · � gm�xr,x�bm�p��x�

− gm�xr,x�bm�a��x��dS�x� . �7�

Physically, the two surface integrals in this formula denote the op-

erators of the wave propagation through the medium. The total sur-

face integral is often referred to as the Kirchhoff-type surface inte-

gral. The term p̃m�xr� denotes the sum of multiple scattered wave-

fields and can be represented by a surface singular integral similar to

formula 7 with other boundary values �see corresponding details in

Appendix A�. In this paper, only the singly scattered wavefield

pm�xr� is of interest to us.

We use the Chebyshev coordinates �x1,x2� covering the interface S

�see details in Weatherborn, 1930 and do Carmo, 1976�. The coordi-

nate system generates a net on S with rhombic elements. The coordi-

nates x1 and x2 coincide with the length along the curvilinear axes.

The boundary values in formula 7 can be represented as the action of

the operator

� �

2�
�2 � �

Q

� �
S

kmn�q�ei�	�x1−x1��q1+�x2−x2��q2


�dx1�dx2�dq1dq2

on the boundary values of the source pressure p0�x�� and accelera-

tion a0�x�� �Aizenberg et al., 2002, 2005; Klem-Musatov et al.,

2004�. The spatial spectra kmn�q� are similar to the classical plane-

wave reflection �when m = n� and transmission �when m�n� coeffi-

cients �Aki and Richards, 2002�:

k11�q� =

1

�1

� 1

c1
2

− q2 −
1

�2

� 1

c2
2

− q2

1

�1

� 1

c1
2

− q2 +
1

�2

� 1

c2
2

− q2

,

k12�q� = 1 − k11�q� ,

k21�q� = 1 + k11�q� ,

k22�q� = − k11�q� , �8�

where q is the slowness component tangent to the interface at point x

�see details in Appendix A�, and Q is the infinite plane of tangent

components of the slowness vector. After interchanging the integra-

tions, the boundary values in formula 7 can be represented in the

convolution form as

bm�p��x� = �km1 � p0��x� =
�2

2�
� �

S

km1���p0�x��dx1�dx2�,

bm�a��x� = − �k1m � a0��x�

= −
�2

2�
� �

S

k1m���a0�x��dx1�dx2�, �9�

where � = �r and r = ��x1 − x1��2 + �x2 − x2��2. Derivation of the re-

lations 9 in a simpler case of a curved interface between two homo-

geneous media in a form different from the one given by Klem-Mu-

satov et al. �2004� is provided inAppendix A. Notice that, in the par-

ticular case of a plane interface, the convolution b1�p��x� coincides

with equation VII-13 presented by Berkhout �1987�.

The kernels kmn��� in equation 9 correspond to reflection �when

m = n� and transmission �when m�n�, and are introduced by the

Fourier or Bessel transforms by Aizenberg et al. �2002, 2005�. Here,

we rewrite them as the double Fourier-type integrals over the slow-

ness components �q1,q2�:

kmn��� =
1

2�
� �

Q

kmn�q�ei�	�x1−x1��q1+�x2−x2��q2
dq1dq2. �10�

ALGORITHM: TIP WAVE SUPERPOSITION

METHOD WITH EFFECTIVE COEFFICIENTS

Tip wave superposition method

To calculate high-frequency approximations of the propagators in

formula 7 we use the formulas of the tip wave superposition method

�TWSM� introduced by Klem-Musatov and Aizenberg �1985� and

Klem-Musatov et al. �1993, 1994�. For this purpose, it is sufficient to

implement the two following mathematical operations to formula 7.

First, we reduce the integration to a sum of contributions from small

elements of the surface of integration. Then we find an approxima-

tion of the singular kernels in each integral contribution such that the

contribution from a curved element can be substituted by a contribu-

tion from a plane element. Good accuracy of the approximation can

be achieved by choosing the element size smaller than a quarter of a

wavelength. Aizenberg �1982, 1993a, b� shows that the sum of the

contributions from small plane elements reduces to the main compu-

tational formula of the TWSM, i.e., the sum of the tip waves diverg-

ing from vertices of the plane elements.

We first implement the reduction of the integral formula �7� to a

sum of separate integrals from small elements of the integration sur-

face. Using the Chebyshev coordinate system introduced earlier, the

reflecting interface S can be split into rhombic elements whose edges

are formed by the coordinate lines. Then the singly scattered wave-

field has the form of the sum of the wavefields �pm	p
�xr� coming

from pth rhombic element,

pm�xr� = �
p

�pm	p
�x
r� , �11�

�pm	p
�x
r� = � �

�S	p


� 1

�m

nm�x� · � gm�xr,x�bm�p��x�

− gm�xr,x�bm�a��x��dS�x� . �12�

3D diffraction modeling SM21
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We show in Appendix B that, if the element size is small enough,

the integral equation �12� over the element can be approximated by

the integral over a plane projection ��	p
 of the original rhombic ele-

ment,

�pm	p
�x
r� 
 �p̄m	p
�x

r�

= � �
��	p


� 1

�m

nm	p
 · � gm�xr,x�bm�p��x�

− gm�xr,x�bm�a��x��dx . �13�

Each contribution in equation 13 has the form �Klem-Musatov et

al., 1994�

�p̄m	p
�x
r� = bm	p
�x	p
�e

	i��/cm�R�x	p
,x
r�cos 	�x	p
�


��� 	p
 + �
q = 1

4 �� 	pq
 fm	pq
�x
r�

+ �
r = 1

2

fm	pqr
�x
r��� , �14�

where nm	p
 is the normal to ��	p
, �	p
 = 1 or 0 in the illuminated or

shadow zone, �	pq
 = 1 or 0 in the secondary illuminated or shadow

zone, 	 �x	p
� is the reflection or transmission angle, and fm	pq
�xr�
and fm	pqr
�xr� are attenuation functions of the edge and tip waves de-

scribed by the Rubinowicz-type integral in the case of uniform as-

ymptotics in the boundary layer, and by the Fresnel and generalized

Fresnel integrals in the case of nonuniform asymptotics �Aizenberg,

1993b; Klem-Musatov, 1994�.

If we exclude the elements corresponding to �p = 1 and �pq = 1,

then representation 11 becomes

pm�xr� 
 �
p:�p =�pq =0

�p̄m	p
�x
r� , �15�

where

�p̄m	p
�x
r� = bm	p


��x	p
�e
	i��/cm�R�x	p
,x

r�cos 	�x	p
�
�
q=1

4

�
r=1

2

fm	pqr
.

�16�

It can be shown that in the far-zone approximation the contributions

�p̄m	p
�xr� are

�p̄m	p
�x
r� 
 gm�xr,x	p
�� 1

�m

nm	p
 · � R�x	p
,x
r�

��i
�

cm

−
1

R�x	p
,x
r��bm�p��x	p
�

− bm�a��x	p
����	p
, �17�

where x	p
 is the central point of the corresponding element with the

area ��	p
.

Formula 16 represents the scattered wavefield as the superposi-

tion of the tip waves and is the key formula of the TWSM �Klem-

Musatov and Aizenberg, 1985; Klem-Musatov et al., 1994�. It also

naturally explains the name of the method.

The method is computationally inexpensive, but requires storing

large matrices containing information about the tip waves. This fact

can be considered as the drawback, as well as the advantage of the

approach. Storing the matrices requires sufficient disk space. At the

same time, minor changes of the model do not require reevaluation

of all matrices, which becomes particularly valuable in multilayered

models.

Effective reflection and transmission coefficients

The serious problem with Kirchhoff-type modeling is the repre-

sentation of the boundary values of the wavefield at curved interfac-

es. It is common to represent the boundary values as a product of the

incident wavefield and the plane-wave coefficient, or its approxima-

tions, which have irregularities at critical angles. However, such an

approach causes artifacts in the form of edge waves diffracted at the

contours of critical points on the interface �Kampfmann, 1988; Wen-

zel et al., 1990; Sen and Frazer, 1991�. The approach appears to be an

appropriate approximation for relatively small incident angles,

small curvatures of reflectors, and weak contrasts in the model pa-

rameters. Therefore this approach is widely used for modeling of the

precritical reflections. For near critical and supercritical reflections,

the assumption breaks down because of the essential difference be-

tween the exact solution and the high-frequency approximation. To

overcome this problem, an exact description of the boundary values

in terms of integral reflection and transmission operators was intro-

duced by Klem-Musatov et al. �2004, 2005�. A high-frequency ap-

proximation of these operators in the form of effective coefficients is

included in the acoustic version of the TWSM �Aizenberg and

Ayzenberg, 2002; Aizenberg et al., 2004�. This has important conse-

quences for effective elimination of the diffraction artifacts at criti-

cal angles and correct modeling of the head waves.

The integral representation �formula 7� is widely used for model-

ing the spatial wavefields. It implies knowledge of the values of the

pressure field and corresponding acceleration in a small vicinity of

the interface. Although no proof has yet been given, it is common to

use an empirical assumption that the value of the reflected or trans-

mitted wavefield at the interface equals the value of the source wave-

field multiplied by a reflection or transmission coefficient.

In conventional seismic modeling, the incident wavefield at each

particular point of the interface is approximated locally by a plane-

wave tangent to the wavefront and having the same incident angle.

Therefore it seems natural to use the plane-wave coefficients for

local description of the reflection or transmission �Ursin, 2004�.

For easier interpretation of the relations in equation 9 in terms of re-

flection or transmission coefficients, we reduce them to the form of

multiplication:

bm�p��x� = 
m1�x�p0�x� ,

bm�a��x� = − 
1m�x�a0�x� . �18�

In the following, we refer to the coefficients 
mn�x� as the effective

reflection and transmission coefficients. They are given by the for-

mulas,

SM22 Ayzenberg et al.
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m1�x� =
�2

2�
� �

S

km1���p̄0�x�;x�dx1�dx2�,


1m�x� = −
�2

2�
� �

S

k1m���ā0�x�;x�dx1�dx2�, �19�

where

p̄0�x�;x� =
p0�x��
p0�x�

,

ā0�x�;x� =
a0�x��
a0�x�

. �20�

In Appendix C, we show that the effective coefficients �formula

19� can be approximated as


m1�x� 
 
m1�qs�x�,�F
*�x��

=
�2

2�
� �

S

km1���p̄0
*�x�;x�dx1�dx2�,


1m�x� 
 
1m�qs�x�,�F
*�x��

= −
�2

2�
� �

S

k1m���ā0
*�x�;x�dx1�dx2�. �21�

The effective coefficients functionally depend on the values of a

normalized associated wavefield p̄ 0
*�x� and ā 0

*�x� at the interface.

The associated wavefield is built on the information provided by the

source wavefield and represents a dominant-frequency approxima-

tion of the kernels �equation 10�. At each point x, the associated

wavefield is represented by a spherical wave having an incident an-

gle 	*�x� and the distance between the source and point x equal to

R*�xs,x�, which depends on both the wavefront and interface curva-

tures �see calculations in Appendix C�. The dependence of the asso-

ciated parameters on the actual incident angle 	�x� and the distance

R�xs,x� is

	*�x� = 	�x�, R*�xs,x� = R�xs,x�

�

�1 −
1

2
sin2 	�x��

�1 −
1

2
sin2 	�x�� − cos 	�x�R�xs,x�HS�x�

. �22�

Note that the definition of R*�xs,x� includes both the radius of the

wavefront curvature R�xs,x� and the mean interface curvature HS�x�.
At a plane reflecting interface, when HS�x� = 0, the associated

wavefield coincides with the actual incident wavefield. It is known

that information about the wavefront and interface curvatures is ab-

sent in the plane-wave coefficients �see Appendix C�. Therefore the

effective coefficients generalize the plane-wave coefficients to the

case of nonplane wavefront of the source wavefield, finite dominant

frequency, and curved interface. However this generalization is not

limited by elementary amplitude regularization and phase correction

of reflected or transmitted wavefields in the near- or postcritical do-

mains. In contrast to the propagators, the action of the transmission

operators leads to the generation of new wavefields with different ki-

nematics, in particular, head waves.

To illustrate the difference between the effective and plane-wave

coefficients, we give examples for the case of plane interface at

depth of 1 km between two homogeneous layers with velocity c1

= 2 km/s and density �1 = 2.0 g/cm2 above the interface and veloci-

ty c2 = 4 km/s and density �2 = 2.0 g/cm2 below the interface. The

incident wave is generated by a point source placed at the point with

the coordinates xS = �0,0,0�. The effective reflection coefficient as

function of incident angle is shown in Figure 1. The four graphs are

computed for frequencies of 0.32 Hz, 3.2 Hz, 32 Hz, and 320 kHz.

The plane-wave reflection coefficient is shown for comparison. The

critical incident angle is at 30°. The oscillations of the effective coef-

ficient in the supercritical domain correspond to interference of the

pure reflected wave and head wave. For higher frequencies, the ef-

fective coefficient approaches the plane-wave coefficient, but pre-

serves the smooth behavior.

Computation of the effective coefficients is naturally more time-

consuming than computation of the plane-wave coefficients. There-

fore the choice of the appropriate coefficient is the tradeoff between

computational speed and quality. We assume that the plane-wave co-

efficients give acceptable quality of the modeling results for weak-

contrast interfaces and small offsets. Modeling of strong-contrast in-

terfaces and large offsets limits the validity of the plane-wave coeffi-

cients and makes it necessary to use the effective coefficients. This

issue is discussed in detail and illustrated in the next section devoted

to the modeling results.

NUMERICAL SIMULATION

Here we present results of numerical simulation of the 3D scat-

tered wavefields. The tests comprise synthetic modeling of the

wavefields singly reflected and transmitted by smooth curved inter-

faces between two homogeneous half-spaces. In this section, we use

the global Cartesian coordinates �x,y,z�.
Simulations are carried out in the temporal frequency domain fol-

lowed by a standard algorithm for the fast Fourier transform. In all

the tests, we use the impulse form
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Figure 1. Modulus of the effective reflection coefficient versus inci-
dent angle for frequencies �a� 0.32 Hz, �b� 3.2 Hz, �c� 32 Hz, and �d�
320 kHz, in comparison to modulus of the plane-wave reflection co-
efficient �P�.
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F�t� = − e−p2/�2

sin p, p = 2�
t − t0

T
, �23�

where t0 = 0.064 s is the time shift to the wavelet central point, and

T = 0.032 s is the wave period. The wavelet shape and its spectrum

are shown in Figure 2.

Modeling of single reflection

Three tests have been carried out to model the reflected wave-

fields.

Test model 1

The first test is carried out for the simplest model, which is a plane

interface separating two homogeneous media. The purpose of this

test is to estimate the accuracy of the high-frequency approximation

of the Kirchhoff-type integral and the effective coefficient. The ex-

act modeling is carried out using a Weyl-type integral representation

�the phase-shift modeling�.

We assume that the point source is situated at point xs = �0,0,0�.
The receiver array is placed horizontally along the x-axis. The first

receiver is at the source point and the last is at an offset of 2.5 km.

The horizontal reflecting plane is situated at a depth z = −1 km.

The upper half-space has a velocity c1 = 2 km/s and density �1

= 2.0 g/cm3; the lower half-space has a velocity c2 = 4 km/s and

density �2 = 2.0 g/cm2. The model, source position, and data win-

dow are shown in Figure 3.

In Figure 4a and b, we show synthetic seismograms computed

with the plane-wave and effective reflection coefficients, respective-

ly. We see that the reflection in Figure 4a is seriously distorted by a

strong diffraction event because of the discontinuity in the plane-

wave reflection coefficient �see Figure 1� occurring at the critical re-

flection points confined to a circle of radius 0.57 km in the reflector

plane.
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Figure 2. �a� Wavelet for 32-Hz dominant frequency and �b� its spec-
trum.
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The amplitude of this artifact decreases with reduced velocity

contrast across the interface, but is still present, as expected, because

the integral interprets points of discontinuity of the boundary values

as diffraction points, and therefore the diffraction event is implicit in

the plane-wave approximation. By introducing the effective reflec-

tion coefficient, with continuous behavior, the diffraction artifact is

eliminated and the head wave appears as shown in Figure 4b.

The latter clearly indicates that our modeling method using effec-

tive coefficients is qualitatively correct. To obtain a quantitative esti-

mation of the correctness of reproduced reflected and head-wave

amplitudes, we have chosen three traces corresponding to precriti-

cal, near-critical, and postcritical offsets. Trace comparison is shown

in Figure 5. We estimate the errors implied by the TWSM approxi-

mations to be less than 4%.

Test model 2

The second test is carried out with a smooth anticline interface

separating the two half-spaces. The point source is placed at point

xs = �0,0,0�. The receiver array is placed horizontally along the

x-axis. The first receiver is at the source point and the last is at an off-

set of 2 km. The reflecting plane is described by the formula z

= −1 + 0.1e−16�x2
+y

2� km. The upper half-space has a velocity c1

= 2 km/s and density �1 = 2.0 g/cm3; the lower half-space has a ve-

locity c2 = 4 km/s and density �2 = 2.0 g/cm3. The model, source

position, and data window are shown in Figure 6a. Figure 6b shows

the cosine of the incident angle.

From the cosine of the incident angle in Figure 6b, we find a strip

of supercritical incident angles formed between the two points with

horizontal coordinates x = 0.192 km and x = 0.288 km. At the

plane interface beyond the syncline parts, we find the same super-

critical domain as in test 1.As demonstrated in Figure 7a, strong arti-

ficial diffraction events appear in this strip using the plane-wave re-

flection coefficient.

The seismogram computed with the effective reflection coeffi-

cient is given in Figure 7b.Along with the reflected wave, it contains
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Figure 5. Model 1. Trace comparison for �a� pre-, �b� near-, and �c�
postcritical offsets.
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two head waves. The head wave generated in the supercritical do-

main where x�0.577 km has the characteristic move-out for the

head wave generated at the horizontal part of the boundary. The head

wave generated in the supercritical strip between x = 0.192 km and

x = 0.288 km has low apparent velocity with respect to the receiver

array, and therefore arrives later than the reflected wave.

Test model 3

The third test is carried out also for a curved interface separating

two half-spaces with the Gaussian anticline shifted with respect to

the source position. The experiment in this test demonstrates in more

detail the development of head waves and head-wave caustics at the

slope of a Gaussian bell, as the slope and curvature change with the

height of the bell.

The point source is placed at point xs = �0,0,0�. The receiver ar-

ray is placed horizontally along the x-axis. The first receiver is at the

source point and the last is at an offset of 4 km. The reflecting inter-

face is described by the formula z = −1 + �ze−16	�x − 0.92�2
+y

2
 km.

The upper half-space has a velocity c1 = 2 km/s and density �1

= 2.0 g/cm3; the lower half-space has a velocity c2 = 8 km/s and

density �2 = 2.0 g/cm3. The model, source position, and data win-

dow are shown in Figure 8a. Figure 8b shows the cosine of the inci-

dent angle.

The four seismograms in Figure 9 show the head-wave caustic

formation with increasing height �z of the Gaussian bell, for 0.005,

0.02, 0.04, and 0.08 km.Abright event develops in the pure reflected
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Figure 7. Model 2. Modeling with �a� plane-wave and �b� effective
coefficients.
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arrival in the offset interval between x = 0.5 km and x = 1.0 km at

traveltimes from 1.1 to 1.2 s for increasing �z. For relatively large

values of �z, the formation of caustic triplication in both the pure re-

flected wave and the head wave is clearly seen.

Modeling of single transmission

Three tests are carried out to investigate the transmitted wave-

fields.

Test model 4

The point source is placed at point xs = �0,0,0�. The receiver ar-

ray is placed horizontally along the x-axis. The first receiver is at the

point with coordinates �0,0,− 2� km and the last is at an offset of

3 km. The medium model is chosen to be the same as in test 2. The

model, source position, and data window are shown in Figure 10a.

Figure 10b shows the modulus of the effective transmission coeffi-

cient �bold line� versus x for the dominant frequency of 32 Hz. The

modulus of the plane-wave transmission coefficient �normal line� is

given for comparison.

Seismograms modeled with the plane-wave and effective trans-

mission coefficients are shown in Figure 11. The seismogram shown

in Figure 11a is distorted by the artificial diffraction events caused by

the curves of the critical transmission points with radii of 0.192,

0.288, and 0.577 km. Visual comparison of the two seismograms re-

veals a difference between the amplitudes of the transmitted waves.

Modeling with the plane-wave transmission coefficient gives ap-

proximately 15% and 19% larger amplitude than that with the effec-

tive transmission coefficient at offsets of x = 1.2 km and x

= 2.4 km, respectively.

Test model 5

The final tests are devoted to transmission at weak-contrast inter-

faces by reducing c2 from 4.0 to 2.4 km/s. When using a model ge-

ometry exactly the same as in test 4, we find that the difference be-

tween the plane-wave and effective coefficient modeling exhibits

negligibly small differences in the transmitted amplitudes and,

therefore, are not shown. If the artificial diffractions are disregarded,

we may conclude that transmission may be modeled equally well by

the plane-wave coefficient in a weak-contrast environment with

moderate interface curvature. However, to what extent is the effect

of curvature significant in the case of weak contrast?

Test model 6

To answer this question, we change the interface shape from the

one in test 5 to z = − 1 + 0.1e−64�x2
+y

2� km, which increases the cur-

vature by a factor of four at the interface vertically below the source.

The resulting seismograms in Figure 12 reveal significant differenc-

es in response to the changes in interface geometry. The main differ-
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Figure 10. Model 4. �a� Gaussian bell anticline and �b� transmission
coefficients in case of strong contrast and moderate curvature.
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ences in the transmitted amplitudes are observed close to vertical in-

cidence where the mean interface curvature is at its maximum. The

amplitudes modeled with the plane-wave coefficient at the offsets

close to zero are on average 8% larger than those modeled with the

effective coefficients. For larger offsets, such as x = 1.2 km and x

= 2.4 km, the difference in the amplitudes does not exceed 2%.

Notice that the weak event appearing at slightly later arrivals than

the transmission is a caustic loop formed at the slope of the Gaussian

cape.

CONCLUSIONS

We have presented an improved method for 3D seismic modeling

in terms of surface integral propagators and transmission operators.

The main improvement consists of the correct description of the

boundary values of the propagators through the effective reflection

and transmission coefficients. We have proven that, in the high-fre-

quency approximation, the effective coefficients generalize the

plane-wave coefficients. By numerical modeling, we have shown

that the effective coefficients reproduce the complex wave events

appearing at the near- and postcritical incident angles.
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APPENDIX A

TRANSMISSION OPERATORS AT A CURVED

INTERFACE BETWEEN TWO HOMOGENEOUS

ACOUSTIC MEDIA

Here we present a schematic explanation of the theoretical justi-

fication of the reflection and transmission relations 9.Arigorous the-

ory for the scalar case is given by Klem-Musatov et al. �2004�. Ai-

zenberg et al. �2005� give a theory for acoustic inhomogeneous me-

dia.

It is well known �Felsen and Marcuvitz, 1973� that, in a homoge-

neous acoustic half-space Dm bounded by a plane infinite interface S,

the spectral presentation for the total pressure wavefield can be rep-

resented by the sum of the two Weyl-type spectral integrals:

wm
± �x� =

�2

2�
� �

Q

wm
± �q1,q2�ei�� m

± �x�dq1dq2, �A-1�

where wm
± �q1,q2� is the spatial spectrum of the integral for x3 = 0, and

� m
± �x� = x1q1 + x2q2 ± x3

�1/cm
2 − q2 is the eikonal. To apply inte-

grals A-1 to the spectral decomposition of the interface conditions

�equation 3�, it is necessary to define Cartesian coordinates �x1,x2�
along the interface and a Cartesian rectangular coordinate x3 along

the normal nm. Let x3 = 0 on the interface.

Let us show that the two integrals A-1 satisfy the acoustic wave

equation 2. Direct substitution of the integrals into equation 2 shows

that the integrand is equal to zero:

− �� 1

cm
2

− ��� m
± �x��2� + i�2� m

± �x� = 0. �A-2�

Because the identity holds true for any frequency �, it is possible to

represent this identity as the system of two independent relation-

ships:

1

cm
2

−
1

cm
2

��x3�2 − q1
2��x1�2 − 2q1q2 � x1 · � x2

− q2
2��x2�2 + q2��x3�2 = 0,

q1�
2x1 + q2�

2x2 ± � 1

cm
2

− q2�2x3 = 0. �A-3�

In a nonorthogonal Cartesian coordinate system there are the

well-known relationships ��x1�2 = ��x2�2 = 1/sin2 
, �x1 · �x2

= cos 
/sin2 
, and ��x3�2 = 1, with 
 being the net angle. There-

fore from the first relation in formula A-3, we obtain the definition of

the tangent slowness component as

q =
1

sin 

�q1

2 + 2 cos 
q1q2 + q2
2. �A-4�

In an orthogonal Cartesian coordinate system, when 
 = �/2, the

tangent slowness takes the simpler form q = �q1
2 + q2

2. The second
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Figure 12. Model 6. �a� Modeling with plane-wave and �b� effective
coefficients in case of weak contrast and significant curvature.
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equation in formula A-3 is automatically satisfied because of the

trivial relationships �2x1 = �2x2 = �2x3 = 0.

As shown by Aizenberg et al. �2005� the integrals A-1 can satisfy

equation 2 at any point R�x1
0,x2

0,x3� of an inhomogeneous medium in

a small vicinity of the chosen point x0�x1
0,x2

0� at the curved interface.

We show this fact for the curved interface in a homogeneous medium

schematically.

The actual curved interface S can be considered as a smooth con-

tinuous perturbation of a bounded part of a plane interface. As a re-

sult, the Cartesian coordinates �x1,x2� are deformed and transformed

to the Chebyshev coordinates �x1,x2� �Weatherborn, 1930; do

Carmo, 1976�. Orientation of the normal nm�x� and the net angle


�x� will now vary along the interface. The radius-vector of any

point in the half-space can be described by the generalized formula

R�x1,x2,x3� = x�x1,x2� + x3nm�x� , �A-5�

where the undefined rectangular coordinate x3 is directed along the

normal nm�x�. The representation A-5 can be considered as a trans-

formation from the Cartesian to curvilinear coordinates �x1,x2,x3�.
This transformation is valid inside a very thin layer close to the inter-

face because of the intersection of the normal axes.

At any chosen point x0�x1
0,x2

0� of the Chebyshev coordinates, the

relations ��x1�2 = ��x2�2 = 1/sin2 
�x0� and �x1 · �x2 = cos 
�x0�
/sin2 
�x0� are valid. Because at this point �x3 = nm�x�, we see that

��x3�2 = 1. Therefore, from the first equation in formula A-3 we ob-

tain a value of the tangent component q�x0� of the slowness, which is

similar to equation A-4 and depends on the local net angle 
�x0�.
Because the values �2x1 and �2x2 cannot be equal to zero in the

curvilinear coordinates �formula A-5�, the second pair of equalities

from formula A-3 should be considered as the equations with respect

to some desired parameters defining the variable x3. To introduce

these parameters, we can write

x3 = l + �±
l2

2
+ ¯ , �A-6�

where �± are the desired parameters, l is the metric length along the

straight axis x3, and the ellipses stands for third-order omitted terms.

Substituting the value of x3 from equation A-6 in �2x3, we represent

the second pair of equations from formula, A-3 in the form

�2x3 = 	�S · nm
�x0� +
�2x3

�l2
= �

	q1�
2x1 + q2�

2x2
�x0�

� 1

cm
2

− q2

.

�A-7�

There is a well-known formula, 	�S ·nm
�x0� = 2H�x0�, where H�x0�
is the mean curvature of the interface �Weatherborn, 1930; do

Carmo, 1976�. Then accounting for the second derivative of equa-

tion A-6, one obtains from the identities A-7 the desired parameters,

�± = 2H�x0� �
	q1�

2x1 + q2�
2x2
�x0�

� 1

cm
2

− q2

. �A-8�

It is clearly seen from equation A-8 that the variable scale along the

axis x3 is a necessary condition for the Weyl-type integrals to be solu-

tions of the acoustic wave equation 2 in a small homogeneous vicini-

ty of the curved interface.

It is shown by Aizenberg et al. �2005� that, at the interface, the

following relations hold true:

p1
sc�x� + p0�x� = w1

+�x� + w1
−�x� ,

p2
sc�x� = w2

+�x� + w2
−�x� ,

a1
sc�x� + a0�x� =

1

�1

�	w1
+�x� + w1

−�x�

�x3

,

a2
sc�x� =

1

�2

�	w2
+�x� + w2

−�x�

�x3

. �A-9�

Substitution of equation A-9 into the interface conditions �equation

3� gives

w1
+�q1,q2� + w1

−�q1,q2� = w2
+�q1,q2� + w2

−�q1,q2� ,

i�c1
−2 − q2

�1

	w1
+�q1,q2� − w1

−�q1,q2�
 =

−
i�c2

−2 − q2

�2

	w2
+�q1,q2� − w2

−�q1,q2�
 . �A-10�

Solving this system for the unknowns wm
+ �q1,q2� and wm

− �q1,q2�
independently, we obtain the solution in the spectral form:

wm
± �q1,q2� = km1�q�w1

��q1,q2� + km2�q�w2
��q1,q2� , �A-11�

with the reflection and transmission coefficients as in equation 8.

Substituting equation A-11 into the Weyl-type integrals A-1 for x3

= 0 and then substituting the result into the first pair of relations from

equation A-9, we obtain the first interface condition in the form of

the transmission transform:

p1
sc�x� = �k11 � p0��x� + 	�k11 � p1

sc��x� + �k12 � p2
sc��x�


− p0�x� ,

p2
sc�x� = �k21 � p0��x� + 	�k21 � p1

sc��x� + �k22 � p2
sc��x�
 .

�A-12�

The system A-10 can, by analogy, be solved for the acceleration

spectra �i�cm
−2 − q2/�m�wm

+ �q1,q2� and −�i�cm
−2 − q2/�m�wm

− �q1,q2� in-

dependently. Then we obtain relations similar to equation A-11,

±
i�cm

−2 − q2

�m

wm
± �q1,q2�

= −k1m�q���
i�c1

−2 − q2

�1

w1
��q1,q2��

−k2m�q���
i�c2

−2 − q2

�2

w2
��q1,q2�� , �A-13�

Substituting equation A-13 into the Weyl-type integrals A-1 for

x3 = 0 and then substituting the result into the second pair of rela-

tions from equation A-9, we obtain the second interface condition in

the form of the transmission transform:

3D diffraction modeling SM29
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a1
sc�x� = −�k11 � a0��x� − 	�k11 � a1

sc��x� + �k21 � a2
sc��x�


− a0�x� ,

a2
sc�x� = −�k12 � a0��x� − 	�k12 � a1

sc��x� + �k22 � a2
sc��x�
 .

�A-14�

The first terms in the relations A-12 and A-14 coincide with the

relations 9 and represent singly reflected and transmitted wavefields.

The second terms in the relations A-12 and A-14 represent multiply

reflected and transmitted wavefields which generate the term p̃m�xr�
in equation 6 �see details in Klem-Musatov et al., 2004 and Aizen-

berg et al., 2005�.

APPENDIX B

PROPAGATOR APPROXIMATION IN TWSM

We show that two propagators in the contribution �equation 12�

from a small element of the interface can be approximated by the

first term of a local Taylor representation using the size of this ele-

ment as the small parameter. Consider the contribution �equation 12�

from a curved rhombic element. Draw the tangent plane to this ele-

ment through its central point x	p
 and project the element to the

plane to obtain a plane rhombic element ��	p
. Then points on �S	p


have coordinates x = �x̄,z�x̄��, where x̄ = �x1,x2� are their projec-

tions on ��	p
, and z�x̄� is the distance between �S	p
 and ��	p


along the normal nm�x	p
� to ��	p
.

Provide a local Taylor representation for the normal nm�x�, the

function gm�xr,x� and its normal derivative in the surface Chebyshev

coordinates in a vicinity of x	p
 as

nm�x� = nm�x	p
� + � jnm�x	p
��x j − x	p
j�

+
1

2
�i� jnm�x	p
��xi − x	p
i��x j − x	p
j� ,

gm�xr,x� = gm�xr, x̄� + �m�a��x
r,x� ,

nm�x� · � gm�xr,x� = nm�x	p
� · �̄gm�xr, x̄� + �m�s��x
r,x� ,

�B-1�

where

�m�a��x
r,x� =

1

2
	�3gm�xr,x	p
��i� jz�x	p
�
�xi − x	p
i�

��x j − x	p
j� ,

�m�s��x
r,x� =

1

2
	�3�3gm�xr,x	p
��i� jz�x	p
�
�xi − x	p
i�

��x j − x	p
j� + � jnm�x	p
� · � gm�xr,x	p
�

��x j − x	p
j� +
1

2
�i� jnm�x	p
� · � gm�xr,x	p
�

��xi − x	p
i��x j − x	p
j� . �B-2�

Accounting for formulas B-1 and B-2, we obtain

�pm	p
�x
r� = � �

��	p


� 1

�m

nm�x	p
� · �̄gm�xr, x̄�bm�p��x�

− gm�xr, x̄�bm�a��x�dS�x� + � �
�S	p


�	�m�s��x
r,x�bm�p��x� − �m�a��x

r,x�bm�a�

��x�
dx . �B-3�

Independent of the representation of the boundary values bm�p��x�
and bm�a��x�, the second integral in formula B-3 is a small quantity of

the order of ��/c1l�2, where l is the characteristic size of the element,

compared to the first integral. Therefore, for ��/c1l�2
≪1, we can ap-

proximate

�pm	p
�x
r� 
 � �

��	p


� 1

�m

nm�x	p
� · �̄gm�xr, x̄�bm�p��x�

− gm�xr, x̄�bm�a��x��dS�x� . �B-4�

This means that, for small enough elements, we can approximate the

surface integral over curved elements �S	p
 by the surface integral

over plane elements ��	p
.

APPENDIX C

FRESNEL-ZONE APPROXIMATION OF

THE EFFECTIVE COEFFICIENTS

Here we will prove that the effective coefficients essentially de-

pend on two parameters: the lateral slowness qs�x� and a normalized

radius of the Fresnel zone �F�x�. Below we give a detailed study only

of the effective coefficients for the pressure wavefields which are

represented by the first integral in formula 19. Because of the simi-

larity in analysis of the effective coefficients for the pressure and ac-

celeration wavefields, for the latter, we provide only the final ap-

proximations. Note that the analysis provided here is carried out in

the Chebyshev coordinates which are orthogonal at point x. Because

the result is expressed in term of invariants with respect to the net an-

gle of the coordinate system, it remains valid in any curvilinear

Chebyshev coordinate system as well.

Substitution of equation 10 into the first integral in the represen-

tation �formula 19� gives


m1�x� = � �

2�
�2 � � � �

S�Q

km1�q�p̄0�x�;x�

�ei�	�x1−x1��q1+�x2−x2��q2
dq1dq2dx1�dx2�

= � � � �
S�Q

m�x�,q�ei���x�,q1,q2�dq1dq2dx1�dx2�,

�C-1�

where

SM30 Ayzenberg et al.
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m�x�,q� = � �

2�
�2 R�xs,x�

R�xs,x��
km1�q� ,

��x�,q1,q2� =
R�xs,x�� − R�xs,x�

c1

+ �x1 − x1��q1

+ �x2 − x2��q2. �C-2�

Assume � is the large parameter. Then we can apply the station-

ary phase method to the last integral in equation C-1 �Bleistein and

Handelsman, 1975�. The stationary phase point �xs�,qs1,qs2� is found

from the equations

� ���x�,q1,q2�

�x j�
�

x�=xs,q1=qs1,q2=qs2

=
1

c1

�R�xs,xs��

�x j�
− qsj = 0,

� ���x�,q1,q2�
�q j

�
x�=xs,q1=qs1,q2=qs2

= x j − xsj� = 0, �C-3�

which are satisfied simultaneously for j = 1,2. The equations give

the definition of the only stationary point as

qsj�x� =
1

c1

�R�xs,x�

�x j�
,

xsj� = x j . �C-4�

From the relations C-4, it follows that the stationary phase point is

�xs�,qs1,qs2� = �x,�1/c1��R�xs,x�/�x1�,�1/c1��R�xs,x�/�x2��. Applying

the stationary phase method, the integral representation C-1 can be

approximated as


m1�x� � �2�

�
�2 1

��det H�x,qs1,qs2��
m�x,qs�

�ei���x,qs1,qs2�+i�/4 sgn H�x,qs1,qs2�, �C-5�

where qs�x� = sin 	 �x�/c1 = �qs1
2 �x� + qs2

2 �x�, qs1�x� = qs�x�cos �,

qs1�x� = qs�x�sin �. The matrix signature sgnH�x,qs1,qs2� is equal to

the difference between the number of positive and negative eigen-

values. For simplicity, we direct the coordinate axes to satisfy the

condition �2R�xs,x�/�x1��x2� = 0; then we use matrix of the second de-

rivatives of the phase function ��x�,q1,q2�,

H�x,qs1,qs2� = � �2��x,qs1,qs2�

�xi��q j

�

= �
1

c1

�2R�xs,x�
�x1�

2 0 −1 0

0
1

c1

�2R�xs,x�
�x2�

2 0 −1

−1 0 0 0

0 −1 0 0

� .

�C-6�

Following any standard technique, the eigenvalues of the ma-

trix H�x,qs1,qs2� can be found as �i
± = �1/2c1��2R�xs,x�/�xi�

2

± �1 + ��1/2c1��2R�xs,x�/�xi�
2�2. Because the determinant of a

matrix is equal to the product of its eigenvalues, we see that

detH�x,qs1,qs2� = 1. Simultaneously, we see that sgnH�x,qs1,qs2�

= 0 because of the equal number of positive and negative eigenval-

ues. From equation C-2, it follows that ��x,qs1,qs2� = 0. Therefore

the coefficients �formula C-5� are


m1�x� � km1�qs�x�� = km1� sin 	�x�
c1

� . �C-7�

By analogy, we can prove that


1m�x� � k1m�qs�x�� = k1m� sin 	�x�
c1

� . �C-8�

Note that, in the vicinity of the stationary point, the function C-2

has the representation

��x�,q1,q2� =
1

2
v

TH�x,qs1,qs2�v , �C-9�

where v
T = �x1� − x1,x2� − x2,q1 − qs1,q2 − qs2�.

As shown by van Kampen �1949, 1950�, the stationary phase ap-

proximation is valid only inside the region ���x�,q1,q2��� in S

�Q. The condition is satisfied inside a 4D cylinder with a bounded

base on the plane �x1,x2� and infinite generating lines with respect to

�q1,q2�. The radius of the base on ��x1,�x2� can be defined from the

condition

h�x�
�c1

�F
2�x� = � , �C-10�

where �F�x� = �rF�x�, and the quantity

h�x� =
1

2
� �2R�xs,x�

�x1�
2

+
�2R�xs,x�

�x2�
2 � �C-11�

is the mean curvature of the wavefront with respect to the curved in-

terface. From formulas C-10 and C-11, it follows that

�F�x� = ���c1

h�x�
. �C-12�

Following van Kampen �1958�, this circle coincides with the

Fresnel zone on the curved interface S. Because the Fresnel zone is

not bounded on the plane �q1,q2�, the formulas C-5 and C-8 represent

nonuniform asymptotics of the effective coefficients, which do not

account for the fact that the circle of critical points q = 1/c2 falls in-

side the cylinder ���x�,q1,q2���. Therefore we need to find a uni-

form asymptotic that would account for the critical phenomenon.

To find the uniform asymptotic, consider the convolution �for-

mula 19�. In the polar coordinates

x1� = r cos � ,

x2� = r sin � , �C-13�

the effective coefficient �formula 19� can be represented as


m1�x� = �
0

�

km1���I��;x��d� , �C-14�

3D diffraction modeling SM31

D
o
w

n
lo

ad
ed

 0
6
/2

4
/1

6
 t

o
 1

3
0
.5

6
.6

4
.2

9
. 
R

ed
is

tr
ib

u
ti

o
n
 s

u
b
je

ct
 t

o
 S

E
G

 l
ic

en
se

 o
r 

co
p
y
ri

g
h
t;

 s
ee

 T
er

m
s 

o
f 

U
se

 a
t 

h
tt

p
:/

/l
ib

ra
ry

.s
eg

.o
rg

/



I��;x� = �
0

2�

p̄0�x�;x�
d�

2�
. �C-15�

To obtain an analytical form of the integrand �equation C-15�,

represent the phase of the function p̄0�x�;x� inside the Fresnel zone

by its Taylor series of the second order, following van Kampen

�1949, 1950�:

p̄0�x�;x� = ei�	qs�x�cos��−��r+1/c1�h�x�+��x�cos 2��r2/2
, �C-16�

where the quantity ��x� = 1/2	�2R�xs,x�/�x1�
2 − �2R�xs,x�/�x2�

2
 is

the astigmatic coefficient of the wavefront with respect to the curved

interface.

Substituting equation C-16 into the integral �equation C-15� and

expanding the function ei��/c1���x�cos 2��r2
/2� into power series, we can

identically represent it in the form

I��;x� = ei�/2	� /�F
2

	J0��qs�x�� + ���;x�
 , �C-17�

where J0��qs�x�� = �0
2�ei� cos��−����/2� is the zero-order Bessel

function. Analysis given by van Kampen �1949� shows that the an-

gular integral ���;x� depends on the astigmatic coefficient ��x�, and

is of the order of O��−1�, and, therefore, can be neglected. Substitu-

tion of equation C-17 into equation C-14 gives us the simplest ad-

missible approximation for the effective coefficient


m1�x� = 
m1�qs�x�,�F�x��


 �
0

�

km1���ei�/2	� /�F�x�
2

J0��qs�x���d� . �C-18�

It clearly follows from this representation that either for high fre-

quencies, when h�x�≪�, or in the case when the front of the inci-

dent wave is plane with respect to the interface, meaning h�x� = 0,

the exponential term ei�/2	� /�F
2

reaches the value of 1. Then the repre-

sentation becomes the inverse Bessel transform of the one in equa-

tion 10, and we find that 
m1�qs�x�,�F�x���km1�qs�x��. It was shown

numerically that the function km1��� rapidly decreases for ���F�x�
so that the integral �equation C-18� over the infinite interval

��F�x�,�� can be neglected. It can also be noticed that the neglected

integral with the astigmatic coefficient ��x� gives a small low-fre-

quency correction to the main contribution �equation C-18�.

Because the integral �equation C-18� depends on the quantity

h�x�, we need to evaluate it in explicit geometric terms:

R�xs,x�� = �R̄2�xs,x�� − 2R�xs,x�cos 	�x�z�x�� + z2�x�� ,

�C-19�

where R̄�xs,x�� is the distance between the source and the projection

of x� onto the plane tangent to the interface S at point x; z�x�� is intro-

duced inAppendix B. Then in geometric terms, the quantity h�x� is

h�x� =

1 −
1

2
sin2 	�x�

R�xs,x�
− cos 	�x�Hs�x� , �C-20�

where HS�x� = 1/2��2z�x�/�x1�
2 + �2z�x�/�x2�

2� is the mean curvature

of the interface S at the point x. Note that the quantity h�x� depends

only on the incident angle 	�x�, the distance R�xs,x�, and the mean

interface curvature HS�x�.
Thus we have shown that the effective coefficients �equation

C-18� essentially depend on the two parameters qs�x� and �F�x�. This

fact can be used for practical calculations. For example, instead of

calculating the effective coefficients for the real curved interface,

which implies convolution in the curvilinear Chebyshev coordi-

nates, we can calculate the effective coefficients for any wavefield

having such a trace at the interface that its parametric functions qs�x�
and � F

*�x� are equal to the actual qs�x� and �F�x�. For simplicity, we

choose an apparent spherical wave p0
*�x�� = �1e

ik1R
*�x��/4�R*�x�� im-

pinging on an apparent plane interface S* and having incident angle

	*�x� and distance R*�xs,x�. For this wave, � F
*�x� is calculated in ac-

cordance to formula C-20, with the only exception that HS
*�x� = 0.

The desired equality � F
*�x� = �F�x� gives us the equation

1 −
1

2
sin2 	*�x�

R*�xs,x�
=

1 −
1

2
sin2 	�x�

R�xs,x�
− cos 	�x�Hs�x� .

�C-21�

Considering the natural equality 	*�x� = 	�x� and solving equa-

tion C-21, we obtain

R*�xs,x� = R�xs,x�

�

�1 −
1

2
sin2 	�x��

�1 −
1

2
sin2 	�x�� − cos 	�x�R�xs,x�HS�x�

.

�C-22�

From equation C-22, it follows that the source of the apparent

spherical wave lies on the same ray as the actual source, but at some

apparent distance R*�xs,x�. Note that if R*�xs,x� � 0, the apparent

source lies on the same side of the interface as the actual source. In

this case, the apparent spherical wave diverges toward the interface.

If R*�xs,x� � 0, the apparent source seems to lie on the geometric

continuation of the ray. In this case, the apparent spherical wave con-

verges from the interface toward the source.

The effective coefficients at point x can be written as a function

of the two main parameters of the incident wave


m1�x� 
 
m1�qs�x�,�F�x��

=
�2

2�
� �

S*

km1���p̄0
*�x�;x�dx1�dx2�,


1m�x� 
 
1m�qs�x�,�F�x��

=
�2

2�
� �

S*

k1m���ā0
*�x�;x�dx1�dx2�, �C-23�

where
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p̄1
*�x�;x� =

p0
*�x��

p0
*�x�

,

ā1
*�x�;x� =

a0
*�x��

a0
*�x�

, �C-24�

and x� belongs to the apparent plane S*.

We will now concentrate on properties of the effective coeffi-

cients. Here we would like to show that in some cases their approxi-

mate description �equation C-23� can be justified by comparison

with exact results.

As the first example, consider the case of a plane interface S, so

that Hs�x��0. It is evident that the apparent plane S* coincides with

the actual interface S. Therefore R*�xs,x� = R�xs,x�, and the appar-

ent spherical wave trivially coincides with the actual spherical wave.

In this particular case, the approximate relations �equation C-23� be-

come exact as in formula 19. Note that the problem of numerical re-

alization of the convolutions remains to be solved.

As the second example, consider such an incident wave that the

effective coefficients �formula 19� can be calculated analytically to

compare the analytical result with the approximations �equation

C-23�. To show this, we chose the incident wave to impinge on the

interface with the constant incident angle 	0. Then

p̄0�x�;x� = ei�	q1
0�x1�−x1�+q2

0�x2�−x2�
, �C-25�

where �q1
0,q2

0� are the tangent components of the slowness vector,

such that q0 = sin 	 0/c1. Substitution of equation C-25 into the exact

representation �equation C-1� gives


m1�x� =
�2

2�
� �

Q

km1�q�dq1dq2

1

2�
� �

S

�ei�	�x1−x1���q1−q1
0�+�x2−x2���q2−q2

0�
dx1�dx2�.

�C-26�

Using the identity from spectral analysis �see e.g., Felsen and

Marcuvitz, 1973�,

��q1 − q1
0,q2 − q2

0� =
�2

2�
� �

S

ei�	�x1−x1���q1−q1
0�+�x2−x2���q2−q2

0�


�dx1�dx2�, �C-27�

we obtain the exact values of the effective coefficients


m1�x� = km1�q0� = km1� sin 	0

c1

� . �C-28�

If the interface is plane, equation C-25 represents a plane wave, and

the effective coefficients exactly coincide with the plane-wave coef-

ficients. In particular, this means that the asymptotic �equation C-7�

becomes exact.
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